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BERGMAN KERNELS AND EQUILIBRIUM MEASURES
FOR LINE BUNDLES OVER PROJECTIVE MANIFOLDS
ROBERT BERMAN
Abstrat. Let L be a holomorphi line bundle over a ompat om-
plex projetive Hermitian manifold X. Any xed smooth hermitian
metri φ on L indues a Hilbert spae struture on the spae of global
holomorphi setions with values in the kth tensor power of L. In this
paper various onvergene results are obtained for the orresponding
Bergman kernels (i.e. orthogonal projetion kernels). The onver-
gene is studied in the large k limit and is expressed in terms of the
equilibrium metri φe assoiated to the xed metri φ, as well as in
terms of the Monge-Ampere measure of the metri φ itself on a er-
tain support set. It is also shown that the equilibrium metri is C1,1
on the omplement of the augmented base lous of L. For L ample
these results give generalizations of well-known results onerning the
ase when the urvature of φ is globally positive (then φe = φ). In
general, the results an be seen as loal metrized versions of Fujita's
approximation theorem for the volume of L.
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1. Introdution
Let L be a holomorphi line bundle over a ompat omplex projetive
manifoldX of dimension n. Fix a smooth Hermitian ber metri, denoted
by φ, on L and a smooth volume form ωn onX. The urvature form of the
metri φmay be written as ddcφ (see setion 1.4 for denitions and further
notation). Denote by H(X,Lk) the Hilbert spae obtained by equipping
the spae H0(X,Lk) of global holomorphi setions with values in the
tensor power Lk with the norm indued by the given metri φ on L and
the volume form ωn. The Bergman kernel of the Hilbert spae H(X,Lk)
is the integral kernel of the orthogonal projetion from the spae of all
smooth setions with values in Lk onto H(X,Lk). It may be represented
Key words and phrases. Line bundles, holomorphi setions, Bergman kernel asym-
potis, global pluripotential theory. MSC (2000): 32A25, 32L10, 32L20, 32U15.
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by a holomorphi setion Kk(x, y) of the pulled bak line bundle L
k
⊠L
k
over X ×X (formula 4.1).
In the ase when the urvature form ddcφ is globally positive the as-
ymptoti properties of the Bergman kernel Kk(x, y) as k tends to innity
have been studied thoroughly with numerous appliations in omplex
geometry and mathematial physis. For example, Kk(x, y) admits a
omplete loal asymptoti expansion in powers of k; the Tian-Zeldith-
Catlin expansion (see [37, 8℄ and referenes therein). The point is that
when the urvature form ddcφ is globally positive, the Bergman kernel
asymptotis at a xed point may be loalized and hene only depend
(up to negligable terms) on the ovariant derivatives of ddcφ at the xed
point.
The aim of the present paper is to study the ase of a general smooth
metri φ on an arbitirary line bundle L over a projetive manifold, where
global eets beome important and where there appears to be very few
previous general results even in the ase when the line bundle L is ample
(and even when X is a omplex urve). We will be mainly onerned with
three natural positive measures on X assoiated to the setup introdued
above. In order to introdue these measures rst assume that the line
bundle L is ample. The rst measure on X to be onsidered is the
equilibrium measure
µφ := (dd
cφe)
n/n!,
where φe is the equilibrium metri dened by the upper envelope 3.1 (i.e.
φe(x) = sup φ˜(x), where the supremum is taken over all metris φ˜ ≤ φ
with positive urvature). For example, when X is the projetive line P1
and L is the hyperplane line bundle O(1) the measure µφ is a minimizer
of the weighted logarithmi energy [32℄. Next, the weak large k limit
of the measures
(1.1) k−nBkωn,
where Bk(x) := Kk(x, x)e
−kφ
will be referred to as the Bergman funtion
is onsidered and nally the limit of the measure
(ddc(k−1lnKk(x, x)))n/n!,
often referred to as the kth Bergman volume form on X assoiated to
(L, φ) (and k−1lnKk(x, x) is alled the kth Bergman metri on L).
When L is ample it is well-known that the integrals over X of all three
measures oinide. In fat, the integrals all equal the integral over X of
the possibly non-positive form (ddcφ)n/n!, as is usually shown by om-
bining the Riemann-Roh theorem with Kodaira vanishing. The main
point of the present paper is to show the orresponding loal statement.
In fat, all three measures will be shown to oinide with the measure
1D(dd
cφ)n/n!
where 1D is the harateristi funtion of the set
(1.2) D = {φe = φ} ⊂ X
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Figure 1.1. In the tori ase (see example 5.2) the metri
φ is represented by a funtion on Rn and the graph of the
equilibrium potential φe (the dashed line) is obtained as
the onvex hull of the graph of φ. The set D is then the
projetion of the set where the two graphs oinide.
In the ase when the metri φ has a semi-positive urvature form, φe = φ,
i.e. the set D equals all of X.
Before turning to the the statement of the main general results, note
that when L is not ample, the main new feature is that the equilibrium
metri φe will usually have singularities (i.e. points where it is equal to
−∞) and its urvature ddcφe is a positive urrent. However, as is well-
known it does give a metri on L withminimal singularities. Suh metris
play a key role in omplex geometry (ompare remark 3.5). Similarly, the
Bergman metri k−1lnKk(x, x) is singular along the base lous Bs(|kL|)
of L, i.e. along the ommun zero-lous of the setions in H0(X,Lk).
Still, the onvergene results refered to above in the ase when L is
ample will be shown to hold provided that the measures are extended by
zero over the singularities. Then integrating over X gives new proofs of
Bouksom's version of Fujita's approximation theorem for the volume of
the line bundle L [22, 10℄ and its interpretation in terms of intersetion
of zero-sets of setions in H0(X,Lk) by Demailly-Ein-Lazarsfeld [20℄.
Finally, the asymptoti properties of the full Bergman kernel Kk(x, y)
are studied.
The present approah to the Bergman kernel asymptotis is based on
the use of loal holomorphi Morse-inequalities, whih are loal ver-
sion of the global ones introdued by Demailly [15℄. These inequalities
are then ombined with some L2−estimates and global pluripotential
theory, the pluripotential part being based on the reent work [24℄ by
Guedj-Zeriahi. Conversely, it turns out that several basi, but non-
trivial, results in pluripotential theory may obtained as onsequenes
of the Bergman kernel asymptotis (ompare for example remark 3.2).
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A ruial step is to rst show the C1,1-regularity of the equilibrium
metri φe on the omplement of the augmented base-lous B+(L), whih
should be of independent interest.
1.1. Statement of the main results. Assume that (L, φ) and (F, φF )
are smooth Hermitian line bundles overX and denote by E(k) the twisted
line bundle Lk ⊗ F. The equilibrium measure on X (assoiated to the
smooth metri φ on L) is dened as the positive measure
µφ := 1U(L)(dd
cφe)
n/n!,
where U(L) is the open set in X where φ is loally bounded (see setion
3). The rst theorem to be proved is used to express µφ in terms of
(ddcφ)n on the set D (formula 1.2 above).
Theorem 1.1. Suppose that L is a big line bundle and that the given
metri φ on L is smooth (i.e. in the lass C2). Then the equilibrium
metru φe is loally in the lass C1,1 on X−B+(L) i.e. φe is dierentiable
and all of its rst partial derivatives are loally Lipshitz ontinuous there.
Moreover, the equilibrium measure satises
µφn! = 1X−B+(L)(dd
cφe)
n = 1D(dd
cφ)n = 1D∩X(0)(dd
cφ)n
in the sense of measures, where X(0) is the set where ddcφ > 0 .
The regularity theorem is essentially optimal (ompare the examples
5.2 and 5.3). The next theorem whih should be onsidered as the main
result of this paper gives that, in general, the measure k−nBkωn intro-
dued above (formula 1.1) onverges to the equilibrium measure µφ.
Theorem 1.2. Let Bk be the Bergman funtion of the Hilbert spae
H(X,E(k)). Then
(1.3) k−nBk(x)→ 1D∩X(0) det(ddcφ)(x)
for almost any x in X, where X(0) is the set where ddcφ > 0 and D is
the set 3.3. Moreover, the following weak onvergene of measures holds:
k−nBkωn → µφ,
where µφ is the equilibrium measure.
The Bergman funtion Bk may be interpreted as a dimensional den-
sity of the Hilbert spae H(X,E(k)). The asymptoti (normalized) di-
mension of H(X,Lk) is alled the volume of a line bundle L [30℄:
(1.4) Vol(L) := lim sup
k
k−n dimH0(X,Lk)
Integrating the onvergene of the Bergman kernel in the previous theoorem
now gives the following version of Fujita's approximation theorem [22, 10℄
(ompare remark 4.9 for a omparison with losely related expressions of
Vol(L)).
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Corollary 1.3. The volume of a line bundle L is given by the total mass
of the equilibrium measure:
(1.5) Vol(L) =
∫
X
µφ
and Vol(L) = 0 preisely when L is not big.
The following theorem gives, in partiular, the weak onvergene on X
of the k th Bergman volume forms (extended by zero over the base-lous
of E(k)).
Theorem 1.4. Let Kk be the Bergman kernel of the Hilbert spaeH(X,E(k).
Then the following onvergene of Bergman metris holds:
k−1φk → φe
uniformly on any xed ompat subset Ω of X − B+(L). More preisely,
(1.6) e−k(φ−φe)C−1Ω ≤ Bk ≤ CΩkne−k(φ−φe)
Moreover, the orresponding k th Bergman volume forms onverge to the
equilibrium measure:
1X−Bs(|E(k)|)(dd
c(k−1lnKk(x, x)))n/n!→ µφ
weakly as measures on X.
The weak onvergene in the theorem above on X − B+(L) is a on-
sequene of the uniform onvergene of the Bergman metris k−1φk on
ompats of X − B+(L). But to get the weak onvergene on all of X
theorem 1.2 (or rather its orollary 1.3) is invoked.
For an ample line bundle L it is a lassial fat that the volume Vol(L)
may be expressed as an intersetion number Ln. More generally, for any
line bundle L over X the intersetion of the zero-sets of n generi se-
tions in H0(X,Lk) with X − Bs(|kL|) (the omplement of the ommun
zero-lous of all setions) is a nite number of points. The number of
points is alled the moving intersetion number and is denoted by (kL)[n].
The following orollary was rst obtained in [20℄ from Fujita's approx-
imation theorem (see [30℄ for further referenes). The proof given here
ombines theorem 1.4 with properties of zeroes of random setions [33℄.
Corollary 1.5. If L is a big line bundle then
Vol(L) = lim
k→∞
(kL)[n]
kn
The nal two theorems onern the full Bergman kernelKk(x, y). First,
the weak onvergene of the squared point-wise norm of the Kk(x, y) is
obtained:
Theorem 1.6. Let L be a line bundle and let Kk be the Bergman kernel
of the Hilbert spae H(X,E(k)). Then
k−n |Kk(x, y)|2kφ ωn(x) ∧ ωn(y)→ ∆ ∧ µφ ,
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as measures on X × X, in the weak *-topology, where ∆ is the urrent
of integration along the diagonal in X ×X.
Then a generalization of the Tian-Zeldith-Catlin expansion [37℄ for
a globally positively urved line bundle is shown to hold for any (big)
Hermitian line bundle L over a ompat manifold X :
Theorem 1.7. Let L be a line bundle and let Kk be the Bergman kernel
of the Hilbert spae H(X,E(k)). Any interior point in D∩X(0)−B+(L)
has a neighbourhood U where Kk(x, y)e
−kφ(x)/2e−kφ(y)/2 (with x, y in U)
admits an asymptoti expansion as
(1.7) kn(det(ddcφ)(x) + b1(x, y)k
−1 + b2(x, y)k
−2 + ...)ekφ(x,y),
where bi are global well-dened funtions expressed as polynomials in the
ovariant derivatives of ddcφ (and of the urvature of the metri ω) whih
an be obtained by the reursion given in [8℄.
Note that 1.6 in theorem 1.4 implies that Kk(x, y)e
−kφ(x)/2e−kφ(y)/2 =
|Kk(x, y)|kφ is exponentially small as soon as x or y is in the omplement
of D.
Remark 1.8. The assumption on φ may be relaxed to assuming that φ
is in the lass C1,1. For example, the proof of the regularity theorem
1.1 still goes through and the loal Morse inequalities (lemma 4.1) still
apply (almost everwhere on X). Moreover, all results remain true (with
essentially the same proofs) if X is only assumed to be Moishezon, i.e.
bimemorphially equivalent to a projetive manifold (or equivalently, if
L arries some big line bundle). However, in the remaining ases one
would have to prove that 1D det(dd
cφ) = 0 almost everywhere on X. For
example, if (X,ω) is a Kähler manifold then this would follow from the
following onjeture:
Conjeture 1.9. Let ω′ be a smooth form ohomologous to the Kähler
form ω. Then the global extremal funtion VX,ω′ assoiated to (X,ω
′) [24℄
(loally expressed as φ′e − φ′, where ω′ = ddcφ′) is in the lass C1,1.
1.2. Further omparison with previous results. The present paper
an be seen as a global geometri version of the situation reently studied
in [5℄, where the role of the Hilbert spae H(X,Lk) was played by the
spae of all polynomials in Cn of total degree less than k, equipped with
a weighted norm (ompare setion 5). For referenes to previous works
onerning the omplex plane see [5℄. The proof of the C1,1-regularity
of the equilibrium metri (on the omplement of the augmented base
lous of L) is partly modeled on the proof of Bedford-Taylor [2, 29℄ for
C1,1−regularity of the solution of the Dirihlet problem (with smooth
boundary data) for the omplex Monge-Ampere equation in the unit-
ball in Cn. The result should also be ompared to various C1,1−results
for boundary value problems for omplex Monge-Ampere equations on
manifolds with boundary [13, 14℄, intimately related to the study of the
geometry of the spae of Kähler metris on a Kähler manifold (see also
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[31, 9℄ for other relations to Bergman kernels in the latter ontext). How-
ever, the present situation rather orresponds to a free boundary value
problem (ompare remark 3.10).
Further referenes and omments on the relation to the study of ran-
dom polynomials (and holomorphi setions), random eigenvalues of nor-
mal matries and various diusion-ontrolled growth proesses studied in
the physis literature an be found in [5℄.
1.3. Further generalizations. In a sequel to this paper [7℄ subspae
and restrited versions of the results in this paper will be obtained. The
subspae version is a generalization of the ase when the Hilbert spae
H(X,Lk) is replaed by the subspae of all setions vanishing to high
order along a xed divisor in X onsidered in the preprint [6℄. Fixing
a singular metri φs on L (with analyti singularities) the Hilbert spae
H(X,Lk) is replaed with the subspae of all global holomorphi setions
of the twisted multiplier ideal sheaf O(Lk ⊗I(kφs)) (i.e. the spae of all
setions fk suh that the point-wise norm |fk|2 e−kφs is loally integrable)
equipped with the Hilbert subspae norm in H(X,Lk) (i.e. the norm
indued by the smooth metri φ). Similarly, the equilibrium metri φe is
replaed by the metri obtained by further demanding that φ˜ ≤ φs + C
(i.e. that φ˜ be more singular than φs) in the denition 3.1 of φe. As a spe-
ial ase new proofs of the results of Shiman-Zeldith [35℄ about Hilbert
spaes of polynomials with oeients in a saled Newton polytope are
obtained.
The restrited versions are obtained by xing an m−dimension om-
plex submanifold V of X and replaing H(X,Lk) with the restrited
spae H(X,Lk)V equipped with the restrited norm obtained by inte-
grating setions over V. Similarly, the equilibrium metri φe is replaed
by the metri dened on the restrited line bundle LV by only demand-
ing that φ˜ ≤ φ on V in the denition 3.1. The orresponding Bergman
kernel asymptotis an then be seen as loal metrized versions of the very
reent result in [21℄ onerning a generalized Fujita approximation theo-
rem for the restrited volume (i.e. the asymptoti normalized dimension
of H(X,Lk)V ).
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1.4. General notation
1
. Let (L, φ) be an Hermitian holomorphi line
bundle over a ompat omplex manifold X. The xed Hermitian ber
metri on L will be denoted by φ. In pratie, φ is onsidered as a olle-
tion of loal smooth funtions. Namely, let sU be a loal holomorphi triv-
ializing setion of L over an open set U then loally,
∣∣sU(z)∣∣2
φ
=: e−φ
U (z),
where φU is in the lass C2, i.e. it has ontinuous derivatives of order
1
general referenes for this setion are the books [23, 16℄.
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two. If αk is a holomorphi setion with values in L
k, then over U it may
be loally written as αk = f
U
k · (sU)⊗k, where fUk is a loal holomorphi
funtion. In order to simplify the notation we will usually omit the de-
pendene on the set U. The point-wise norm of αk may then be loally
expressed as
(1.8) |αk|2kφ = |fk|2 e−kφ.
The anonial urvature two-form of L is the global form on X, loally
expressed as ∂∂φ and the normalized urvature form i∂∂φ/2π = ddcφ
(where dc := i(−∂ + ∂)/4π) represents the rst Chern lass c1(L) of
L in the seond real de Rham ohomology group of X. The urvature
form of a smooth metri is said to be positive at the point x if the
loal Hermitian matrix ( ∂
2φ
∂zi∂z¯j
) is positive denite at the point x (i.e.
ddcφx > 0). This means that the urvature is positive when φ(z) is stritly
plurisubharmoni i.e. stritly subharmoni along loal omplex lines. We
let
X(0) := {x ∈ X : ddcφx > 0}
More generally, a metri φ′ on L is alled (possibly) singular if |φ′| is
loally integrable. Then the urvature is well-dened as a (1, 1)−urrent
on X. The urvature urrent of a singular metri is alled positive if φ′
may be loally represented by a plurisubharmoni funtion (in partiular,
φ′ takes values in [−∞,∞[ and is upper semi-ontinuous (u.s.)). In
partiular , any setion αk as above indues suh a singular metri on
L, loally represented by φ′ = 1
k
ln |fk|2 . If Y is a omplex manifold we
will denote by PSH(Y ) and SPSH(Y ) the spae of all plurisubharmoni
and stritly plurisubharmoni funtions, respetively.
Fix another line bundle F with a smooth metri φF and onsider the
following sequene of Hermitian holomorphi line bundles:
E(k) = (Lk ⊗ F, kφ+ φF )
Fixing an Hermitian metri two-form ω on X (with assoiated volume
form ωn) the Hilbert spaeH(X,E(k)) is dened as the spaeH0(X,E(k))
with the norm
(1.9) ‖αk‖2kφ (=
∫
X
|fk|2 e−(kφ(z)+φF )ωn),
using a suggestive notation in the last equality (ompare formula 1.8).
2. Preliminaries: positivity and base loi
Let L be a holomorphi line bundle over a ompat projetive Hermit-
ian manifold (X,ω).
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2.1. Positivity for line bundles and singular metris. The follow-
ing notions of positivity will be used in the sequel [19℄:
Denition 2.1. The line bundle L is said to be
(i) pseudo-eetive if it admits a metri φ′ with positive urvature
urrent:
ddcφ′ ≥ 0
(ii) big if it admits a metri φ′ with stritly positive urvature urrent:
(2.1) ddcφ′ ≥ ǫω
(iii) ample if it admits a smooth metri φ′ with stritly positive urva-
ture form:
ddcφ′x > 0
for all x in X.
2.2. Base loi. For eah xed k, the base lous of the line bundle E(k)
is dened as
Bs(|E(k)|) =
⋂
fk∈H0(X,E(k))
{fk = 0}
(or as the orresponding ideal). The stable base lous B(L) of a line
bundle L is dened [30℄ as the following analyti subvariety of X :
B(L) :=
⋂
k>0
Bs(|kL|) =
⋂
fk∈H0(X,Lk),k∈N
{fk = 0}
In other words, a point x is in B(L) preisely when there is some setion
fk in H
0(X,Lk), for some k, whih is non-vanishing at x. Moreover, the
augumented base lous B+(L) is dened in the following way [30℄. Fix an
ample line bundle on X. Then
B+(L) := B(L− ǫA)
for any suiently small rational number ǫ (suitable interpreted using
additive notation for tensor produts). We will have great use for the
following equivalent analyti denition of B+(L) introdued in [11℄) (and
there alled the non-Kähler lous)
(2.2) X − B+(L) = {x ∈ X : ∃ big metri φ′ on L, smooth atx} ,
in the sense that φ′ satises 2.1 and is smooth on some neighbourhood
of the point x.2 In fat, the equivalene of the denitions is a diret
onsequene of theorem 2.4 below. It amounts to showing that B+(L) is
the intersetion of all eetive divisors Ek(= {fk = 0}) appearing in a
Kodaira deomposition
(2.3) Lk = A⊗ [Ek],
2
the ondition that φ′ be smooth at x may be replaed by haveing 0 Lelong number
at x.
10 ROBERT BERMAN
for some positive natural number k. The point is that give any suh
deomposition
(2.4) φ+ :=
1
k
ln |fk|2 + φA
(where φA is a xed smooth metri with positive urvature on A) is
a metri on L with stritly positive urvature urrent suh that φ+ is
smooth on X − E. The reason for alling B+ the augmented base lous
is that
B(L) ⊆ B+(L),
⋂
k>0
Bs(|E(k)|) ⊆ B+(L)
Remark 2.2. It is well-known [11℄ that a line bundle L is ample preisely
when B+(L) = ∅ and L is big preisely when B+(L) 6= X. In partiular,
L is non-ample and big priisely when B+(L) is a non-empty analyti
subvarity of X).
2.3. Extension of setions. Let (L′, φL′) and (F ′, φF ′) be line bundles
with singular metris suh that
(2.5) ddcφL′ ≥ ω/C and ddcφF ′ ≥ −Cω
for some positive number C.3 Reall the following elebrated theorem
about L2−estimates for the ∂−equation, whih is the basi analytial
tool in the theory [16℄.
Theorem 2.3. (Kodaira-Hörmander-Demailly). Let φL′ and φF ′ be (sin-
gular) metris as in 2.5. Take k′ suiently large. Then for any ∂−losed
(0, 1)−form g with values in L′k′ ⊗ F ′ suh that
‖g‖2k′φL′+φF ′ <∞,
there is a setion u with values in L′k
′ ⊗ F ′ suh that
∂u = g and ‖u‖2k′φL′+φF ′ ≤
C
k′
‖g‖2k′φL′+φF ′ ,
where the onstant C is independent of k′ and g.
The following extension theorem is a well-known asymptoti version
of the Ohsawa-Takegoshi theorem [19℄:
Theorem 2.4. Let φL′ and φF ′ be (singular) metris as in 2.5. Fix a
point x in X and take k′ suiently large. Then any element in (L
′k′ ⊗
F ′)x suh that
|αk′|2k′φL′+φF ′ (x) <∞
extends to a setion in H0(X,L′k ⊗ F ′) suh that
(2.6) ‖αk′‖2k′φL′+φF ′ ≤ C |αk′|
2
k′φL′+φF ′
(x)
where the onstant C is independent of k′ and αk′(x).
3(F ′, φF ′) ould also be replaed by a smooth Hermitian holomorphi vetor bundle.
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The previous theorem will be used to extend setions from X−B+(L).
The point is that given any (reasonable) metri kφL + φF on L
k ⊗F the
following simple lemma provides a stritly positively urved perturba-
tion ψk to wih theorem 2.3 and 2.4 apply:
Lemma 2.5. Let φL be a singular metri on L with positive urvature
urrent and let φF be a smooth metri on the line bundle F. For any
given point x0 in X − B+(L) and k suiently large there is a singular
metri ψk on L
k ⊗ F suh that ψk = k′φL′ + φF ′ with φL′ and φF ′ as in
formula 2.5 and
(2.7) sup
U(x0)
|(kφL + φF )− ψk| ≤ Cx0
for some neighbourhood U(x0) of x0. Moreover, if φL is a metri with
minimal singularities (see remark 3.5), for example the equilibrium met-
ri φe (denition 3.1), then it may further be assumed that
(2.8) ψk ≤ (kφL + φF )
on all of X.
Proof. By the denition of X−B+(L′) there is a metri φ+ on L, smooth
in some U(x0) with stritly positive urvature urrent onX. Let (F
′, φF ′) =
(Lk−k
′ ⊗ F, (k − k′)φL + φF ) and (L′, φ′) = (L, φ+), for k′ xed. Then
Lk ⊗ F = Lk′ ⊗ F ′ gets an indued metri
(2.9) ψk = (k − k′)φL + φF ′ + k′φ+
of the required form for k′(≤ k) suiently large, satisfying 2.7. Finally,
if φL is a metri with minimal singularities we may assume that φ+ ≤ φL
after substrating a suiently large onstant from φ+. Then 2.8 learly
holds. 
3. Equilibrium measures for line bundles
Let L be a line bundle over a ompat omplex manifold X. Given
a smooth metri φ on L the orresponding equilibrium metri φe is
dened as the envelope
(3.1) φe(x) = sup
{
φ˜(x) : φ˜ ∈ L(X,L), φ˜ ≤ φ onX
}
.
where L(X,L) is the lass onsisting of all (possibly singular) metris on
L with positive urvature urrent. Then φe is also in the lass L(X,L)
(proposition 3.3 below). The Monge-Ampere measure (ddcφe)
n/n! is well-
dened on the open set
U(L) := {x : φe is bounded onU(x)},
where U(x) is some neighbourhood of x (see [2, 28, 24℄ for the denition
of the Monge-Ampere measure of a loally bounded metri or plurisub-
harmoni funtion). The equilibrium measure (assoiated to the metri
φ) is now dened as
12 ROBERT BERMAN
(3.2) µφ := 1U(L)(dd
cφe)
n/n!
and is hene a positive measure on X. Consider the following set
(3.3) D := {φe = φ} ⊂ X,
whih is losed by (i) in the following proposition.
Proposition 3.1. The following holds
(i) φe is in the lass L(X,L).
(ii) 1U(L)(dd
cφe)
n/n! = 0 on X −D.
(iii) D ⊂ {x : ddcφx ≥ 0}.
Proof. (i) is obtained by ombining theorem 5.2 (2) and proposition 5.6
in [24℄.
The property (ii) is proved preisely as in the loal theory in Cn (om-
pare lemma 2.3 in the appendix of [32℄). Indeed, it is enough to prove
the vanishing on any small ball in X−D. For an alternative proof, using
Bergman kernels, see the remark below.
To prove (iii) x a point x where ddcφx < 0. Then there is a positive
number ǫ and loal oordinates z entered at x suh that ( ∂
2φ
∂ζ∂ζ
)(ζ, 0, ..., 0)) ≤
ǫ (with z1 = ζ) for ζ in the unit-dis ∆. Now take a andidate φ˜ for
the sup 3.1 and let ψǫ(ζ) := φ˜(ζ, 0, ..., 0) − φ(ζ, 0, ..., 0) − ǫ |ζ |2 . Then
ψǫ(ζ) ≤ −ǫ on ∂∆ and ∂2ψǫ∂z1∂z¯1 ≥ 0 on ∆. Hene, the submean inequal-
ity for subharmoni funtions (or the maximum priniple) applied to ψǫ
gives φ˜(x) − φ(x) = ψǫ(0) ≤ −ǫ. Taking the sup over all andidates φ˜
then gives φe(x)− φ(x) ≤ −ǫ whih proves the proposition. 
Remark 3.2. As will be shown below φe is in the lass C1 and its se-
ond derivatives exist almost everywhere and are loally bounded on
X−B+(L). Hene, one ould also take 1X−B+(L) det(ddcφe)ωn as a some-
what more onrete denition of the equilibrium measure on X (whih a
posteriori anyway gives the same measure onX, aording to theorem 3.4
below). It is interesting to see that the vanishing of 1X−B+(L) det(dd
cφe)ωn
on X −D (orresponding to (ii) in the previous proposition) beomes a
orollary of the proof of theorem 4.6 (whih is independent of the proof
of (ii) in the previous proposition).
Proposition 3.3. The following properties of equlibrium metris hold
(i) (mφ)e = mφe
(ii)Let φA be a metri on a line bundle A suh that dd
cφA ≥ 0. Then
Dφ ⊆ Dφ+φA
(iii) Assume that L is big and let φF be a smooth metri on a line bundle
F. Then for any ompat subset of X− B+(L) there is a onstant C suh
that
C
m
− φe ≤ (φ+ 1
m
φF )e − 1
m
φF ≤ φe + C
m
for all positive natural numbers m.
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Proof. (i) is trivial. For (ii) note that φe + φA is a ontender for the sup
in the denition of (φ+ φA)e. Hene, for x in Dφ we get
φ(x) + φA(x) = φe(x) + φA(x) ≤ (φ+ φA)e(x).
This means that x is also in Dφ+φA, proving (ii).
To prove (iii) x a ompat set Ω in X− B+(L) and a metri φ+ on L
with stritly positive urvature urrent, suh that φ+ is smooth Ω with
φ+ ≤ φ on X. Let us rst prove one side of the inequality, i.e.
(3.4) φm := (φ+
1
m
φF )e − 1
m
φF ≤ φe + C
m
To this end rst note that φm is a metri on L and there is learly a
onstant C suh that
φm ≤ φ, ddcφm ≥ −C
m
ddcφ+.
Now let φm,+ := (1 − Cm)φm + Cmφ+, dening another metri on L. Note
that
ddcφm,+ ≥ (1− C
m
)(−C
m
ddcφ+) +
C
m
ddcφ+ = (
C
m
)2ddcφ+ > 0
and sine also φm,+ ≤ φ, the extremal denition of φe fores φm,+ ≤ φe.
But sine φ+ is smooth on the ompat set Ω this proves 3.4. The other
side of the inequality is obtained from 3.4 applied to φ′ = φ+ 1
m
φF and
φ′F = −φF . 
The next theorem gives the regularity properties of the equilibrium
metri φe.
Theorem 3.4. Suppose that L is a big line bundle and that the given
metri φ on L is smooth (i.e. in the lass C2). Then
(a) φe is loally in the lass C1,1 on X −B+(L) i.e. φe is dierentiable
and all of its rst partial derivatives are loally Lipshitz ontinuous there.
(b) The Monge-Ampere measure of φe on X − B+(L) is absolutely
ontinuous with respet to any given volume form and oinides with the
orresponding L∞loc (n, n)−form obtained by a point-wise alulation:
(3.5) (ddcφe)
n = det(ddcφe)ωn
() the following identity holds almost everywhere on the set D−B+(L),
where D = {φe = φ} :
(3.6) det(ddcφe) = det(dd
cφ)
More preisely, it holds for all x in D − B+(L) − G, where G is the set
dened in the proof of (c).
(d) Hene, the following identity between measures on X holds:
(3.7) n!µφ = 1X−B+(L)(dd
cφe)
n = 1D(dd
cφ)n = 1D∩X(0)(ddcφ)n
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Proof. (a), (b) and (c) will be proven in the subsequent setion. To prove
(d) rst observe that the last equality in 3.7 follows immediately from
proposition 3.1(iii). The seond equality in 3.7 is obtained by ombining
(c) in the stated theorem with the vanishing in proposition 3.1(ii). Alter-
natively, the vanishing is obtained by ombining the bound 4.13 applied
to φe = φ
′
e with theorem 4.6, giving
1X−B+(L)(dd
cφe)
n = 1D(dd
cφe)
n
Finally, to obtain the vanishing of (ddcφe)
n
on U(L) ∩ B+(L) one an
use the well-known loal fat [28℄ that the Monge-Ampere measure of a
loally bounded psh funtion integrates to zero over any pluripolar set
(in partiular over any loal piee of B+(L)). 
Remark 3.5. For a general line bundle L the equilibrium metri φe is an
example of a metri with minimal singularities in the sense that for any
other metri φ′ in L(X,L) there is a onstant C suh that
φ′ ≤ φe + C
on X (when suh an inequality holds φ′ is said to be more singular than
φe) Suh metris play a key role in omplex geometry [19℄.
3.1. The proof of C1,1−regularity away from the augmented base
lous. As in [5℄, where the manifold X was taken as Cn, the proof is
modeled on the proof of Bedford-Taylor [2, 29, 17℄ for C1,1−regularity of
the solution of the Dirihlet problem (with smooth boundary data) for
the omplex Monge-Ampere equation in the unit-ball in C
n. However,
as opposed to Cn and the unit-ball a generi ompat Kähler manifold
X has no global holomorphi vetor elds. In order to irumvent this
diulty we will redue the regularity problem on X to a problem on
the manifold Y, where Y is the total spae of the dual line bundle L∗,
identifying the baseX with its embedding as the zero-setion in Y. To any
given (possibly singular) metri φ on L we may assoiate the logarithm
χφ of the squared norm funtion on Y, where loally
(3.8) χφ(z, w) = ln(|w|2) + φ(z),
in terms of loal oordinates zi on the base X and w along the ber of
L∗. In this way we obtain a bijetion
(3.9) L(X,L) ↔ LY , φ 7→ χφ
where LY is the lass of all positively logarithmially 2-homogeneous
plurisubharmoni funtions on Y :
(3.10) LY := {χ ∈ PSH(Y ) : χ(λ·) = ln(|λ|2) + χ(·)},
using the natural multipliative ation of C∗ on the bers of Y over X.
Now we dene
(3.11) χe := sup {χ ∈ LY : χ ≤ χφ on Y }).
Then learly, χe orresponds to the equilibrium metri φe under the bi-
jetion 3.9.
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In the following we will denote by π the projetion from Y onto X
and by j the natural embedding of X in Y. We will x a point y0 in
Y −(j(X)∪π−1(B+(L)). Then there is a divisor E (appearing in a Kodaira
deomposition as in formula 2.3) suh that y0 is in Y − (j(X)∪π−1(E)).
Sine learly (kφ)e = kφe we may (sine we are only interested in the
regularity of φe) without loss of generality assume that k appearing in
formula 2.3 is equal to one. Moreover, we x an assoiated metri φ+ (as
in formula 2.4) that we write as
φ+ := φA + ln |e|2 ,
using the suggestive notation e for the dening setion of E, and e(z) for
any loal representative. We may assume that φ+ ≤ φe. Later we will
also assume the normalization χφe(y0) = 0.
Existene of vetor elds. The next lemma provides the vetor elds
needed in the modiation of the approah of Bedford-Taylor.
Lemma 3.6. Assume that the line bundle L is big. For any given point y0
in Y −[j(X)∪π−1(E)] there are global holomorphi vetor elds V1, ...Vn+1
(i.e. elements of H0(Y, TY )) suh that their restrition to y0 span the
tangent spae TYy0. Moreover, given any positive integer m the vetor
elds may be hosen to satisfy
(3.12) (i) |Vi| ≤ Cm(|w|)m, (ii) |Vi| ≤ Cm(|e(z)|)m
loally on the set {χ
φ+
≤ 1} in Y (in the following we will x some Vi
orresponding to m = 2).
Proof. First note that Y may be ompatied by the following ber-wise
projetivized vetor bundle:
Ŷ := P(L∗ ⊕ C),
where C denotes the trivial line bundle over X. Denote by O(1) the line
bundle over Ŷ whose restrition to eah ber (i.e. a one-dimensional
omplex spae P1) is the indued hyperplane line bundle. Next, we equip
the line bundle
L̂ := (π∗(Lk0)⊗O(1))
over Ŷ , where π denotes the natural projetion from Ŷ to X, with a
metri φ̂ dened in the following way. First x a smooth metri φE on
the line bundle [E] over X. Then
φ+,k0 := (φA −
1√
k0
φE) + (1 +
1√
k0
) ln |e|2
is a metri on L suh that ddcφ+ ≥ ddcφA/2 for k0 >> 1. Hene,
φ̂ := π∗(k0φ+,k0) + ln(1 + e
χφ)
is a metri on L̂ over Y (extending to Ŷ ) with stritly positive urvature
urrrent on Ŷ , if k0 >> 1. Now x a point y0 in (Y − (j(X) ∪ π−1(E).
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We an apply (ii) in theorem 2.4 to the bundle L̂k1 ⊗ T Ŷ over Ŷ for k1
suiently large. Restriting to Y in Ŷ then gives that TY ⊗ π∗(L)k0k1
is globally generated on Y (sine O(1) is trivial on Y ). Finally, observe
that
π∗(L) = (π∗(L∗))−1 = [X ]−1,
where [X ] is the divisor in Y determined by the embedding of X as the
base. Indeed, X is embedded as the zero-set of the tautologial setion
of π∗(L∗) over Y (= L∗). Hene, the setions of TY ⊗ π∗(L)k0 may be
identied with setions in TY vanishing to order k0 on X. This proves
(i) in 3.12. Moreover, by onstrution the vetor elds Vi satisfy
|Vi(z, w)| ≤ C
(
|w|k0 |e(z)|k0(1+
1√
k0
) |w|
)k1
on any xed neighbourhood in Y over the divisor E in X. Choosing k0
and k1 suiently large then gives
|Vi(z, w)| ≤ Cm(|w| |e(z)|)k0k1+1 |e(z)|m .
Sine, the fator |w| |e(z)| is bounded on the set {χφA+ln|e|2 ≤ 0} this
proves (ii) in 3.12. 
Existene of the ow. For any given smooth vetor eld V on Y and
ompat subset K of Y, we denote by exp(tV ) the orresponding ow
whih is well-dened for any time t in [0, tK ], i.e. the family of smooth
maps indexed by t suh that
(3.13)
d
dt
f(exp(tV )(y)) = df [V ]
exp(tV )(y)
for any smooth funtion f and point y on Y.We will also use the notation
exp(V ) := exp(1V ).
Combining the previous lemma with the inverse funtion theorem gives
loal exponential holomorphi oordinates entered at y0, i.e a loal
biholomorphism
C
n+1 → U(y), λ 7→ exp((V (λ)(y0), V (λ) :=
∑
λiVi)
We will write
fλ = (exp(V (λ))∗f
for the indued additive ation on funtions f (where the ow is dened).
Using that the vetor elds Vi neessarily also span TYy1 for y1 lose to
y0 it an be heked that in order to prove that a funtion f is loally
Lipshitz ontinuous on a ompat subset of Y it is enough to, for eah
xed point y0, prove an estimate of the form
(3.14)
∣∣fλ(y0)− f(y0)∣∣ ≤ C |λ|
for some onstant C only depending on the funtion f. Sine we will
later take f to be equal to χφe we may also, by homogenity, assume
that χφe(y0) = 0. In order to dene the ow on a neighbourhood U of
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the whole levelset {χ
φe
= 0} (whih is non-ompat unless φe is loally
bounded) we will use a ompatiation argument:
Lemma 3.7. There is a positive number t0 suh that the ow exp(V (λ)y)
exists for any (λ, y) suh that |λ| ≤ t0 and y is in U := {χφ+ ≤ 1}.
Moreover, if φ′ is a xed metri on L suh that φ′ − δ ln |e|2 is smooth,
for some number δ, then there are onstants Cα suh that
(3.15)
∣∣∂αz,w(χλφ′ − χφ′)∣∣ ≤ Cα |λ|
on U ∩ π−1(X − E) over any xed z−oordinate ball in X, in terms of
the real loal derivatives of multi order α and total order less than two.
Proof. Denote by Y ′ the total spae of the ample line bundle L⊗ [E]−1
over X and denote by π′ the orresponding projetion onto X. Then
Y ∩ π−1(X −E) is biholomorphi to Y ′ ∩ π′−1(X −E) under the map Φ
whih may be loally represented as
(3.16) Φ : (z, w) 7→ (z′, w′) := (z, e(z)w).
Note that Φ maps the set {χφ+ ≤ 1 to the set {χφA ≤ 1}. Given a
vetor eld V on Y ∩ π−1(X − E) denote by V ′ the vetor eld Φ∗V on
Y ′ ∩ π′−1(X − E). Now x a point in E orresponding to z = 0 in some
loal oordinates (z, w) for Y. Then the following loal bound holds on
the set {χφA ≤ 1} in Y ′ over X −E :
(3.17) |V ′i (z′, w′)| ≤ C |e(z′)| .
Indeed, writing Vi(z, w) = vi,z(z, w)
∂
∂z
+ vi,w(z, w)
∂
∂w
and similarly for
V ′i (z
′, w′) gives
(3.18)
v′i,z′(z
′, w′) = vi,z(z, w), v′i,w′(z
′, w′) = vi,z(z, w)
∂e(z)
∂z
1
e(z)
w′+vi,w(z, w)e(z)
Hene, hosing vetor elds Vi orresponding to m = 2 in (ii) in lemma
3.6 ensures that 3.17 holds.
Now x a vetor λ and write λ = tσ, where |λ| = t. Let V be the vetor
eld on Y dened by the relation V (λ) = tV. By the loal bounds 3.17, V ′
extends to a holomorphi vetor eld on the set {χφA ≤ 1} in Y ′ suh that
V ′ vanishes identially on π′−1(E). Sine, {y′ : χφA(y′) ≤ 1} is ompat
in Y ′ the ow exp(tV ′)(y′) is well-dened for |t| ≤ t0. Moreover, sine V ′
vanishes identially on π′−1(E) the set π′−1(X−E) is invariant under the
ow. By the isomorphism Φ in 3.16 this proves the existene of the ow
stated in the lemma under the assumption that y ∈ π−1(X −E). But by
the loal bound (ii) in lemma 3.6 the ow does extend holomorphially
over π−1(X −E).
To prove 3.15, note that sine χφ′ is smooth over X − E the dening
property 3.13 of the ow gives
(3.19) χλφ′ − χφ′ =
∫ 1
0
dχφ′ [V (λ)]
exp(tV (λ)(y)dt
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Hene, sine V (λ) := |λ| (∑ λi|λ|Vi), the onstant C0 in 3.15 may be taken
to be
C0 = sup
y∈U∩π−1(X−E)
|dχφ′[Vi]y| <∞
To see that C0 is nite it is, by the ompatness ofX, enough to prove the
bound over any z−oordinate ball in X. First onsider loal oordinates
(z, w) on Y where z is entered at a point in X −E. Then
(3.20) |dχφ′ [Vi]| = 2
∣∣∣∣ 1wdw[Vi] + ∂φ
′(z)
∂z
dz[Vi]
∣∣∣∣ ≤ C
using the bound (i) in lemma 3.6 for the rst term in the right hand side
above and the assumption that φ′ is smooth on X − E for the seond
term. Finally, onsider the ase when z is entered at a point in E. Then∣∣∣∣∂φ′(z)∂z
∣∣∣∣ ≤ C + δ
∣∣∣∣ 1e(z) ∂e(z)∂z
∣∣∣∣ ≤ C + C ′
∣∣∣∣ 1e(z)
∣∣∣∣ .
Hene, the bound 3.20 still holds, using that m(:= 2) ≥ 1 in the loal
bound (ii) on Vi in lemma 3.6.
Finally note that the bounds for Cα when the total degree of α is two
may be obtained in a ompletely similar maner, now using that m = 2
to handle the fators
∣∣∣ 1e(z)∣∣∣2 and ∣∣ 1w ∣∣2 . 
Homogenization. To a given psh funtion g(y) (dened on some dis sub-
bundle of Y ) we will assoiate the following S1−invariant psh funtion:
(3.21) ĝ(y) := u.s.( sup
θ∈[0,2π[
g(eiθy))
using the natural multipliative ation of C∗ on the bers of Y over X,
where u.s.. denotes the upper-semiontinous regularization (using that
the family g(eiθ·) of psh funtions is loally bounded from above [28℄).
The following simple lemma will allow us to homogenize in the normal
diretion of Y, as well:
Lemma 3.8. Suppose that the funtion f is S1−invariant and psh on
some dis subbundle U of Y ontaining the set {f ≤ c} in (Y −π−1(E)),
where E is an analyti variety in X. Moreover, assume that (i) f is
stritly inreasing along the bers of Y over X and (ii) f < c on the base
X and f > c on ∂U. Then there is a funtion f˜ in the lass LY suh that
f˜ = f on the set {f = c}.
Proof. It is enough to onstrut suh a funtion f˜ on Y −π−1(E)). Indeed,
then f˜ is loally bounded from above lose to π−1(E)) and hene extends
as a unique psh funtion to Y [28℄ (more generally E may be allowed to be
loally pluripolar). Hene we we may without loss of generality assume
that E is empty in the following. First we will show that f−1(c) is an
S1−subbundle of Y over X, i.e. the laim that the equation
f(σ) = c
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has a unique solution on π−1(x), modulo the ation of S1, for eah xed
point x in X. To this end we identify the restrition of f to π−1(x) with
a onvex funtion g(v) of v = ln |w|2 (using that f is S1−invariant and
psh). In partiular, g is ontinuous. By the assumption (i) the equation
g(v0) = c has at most one solution. Moreover, by (ii) and the fat that
g is ontinuous the solution v0 does exist. This proves the laim above.
Now dene
f˜(rσ) := ln(r2) + f(σ).
To see that f˜ is psh, we may, sine the problem is loal, assume that X
is a ball in C
n
z . Write f˜(z, w) = φ˜(z) + ln |w|2 and note that
Ω = U ∩ {φ˜(z) + ln |w|2 ≤ c} = U ∩ {f ≤ c}
using that f is stritly inreasing along the bers. Sine f is psh it follows
that ∂Ω is pseudoonvex. A lassial result of Bremermann [12℄ for suh
Harthogs domains Ω now implies that φ˜(z) and hene f˜(z, w) is psh.4 
Lemma 3.9. For eah λ (with suiently small norm) the funtion f =
χ̂λφe satises the assumptions in the previous lemma with c = cλ = χ̂
λ
φe
(y0)
and U = {χ
φ+
≤ 1}.
Proof. Given loal oordinates on U, let
fλ(z, w) := χ
λ
φe(z, w)− ln |w|2 = [φλe (z, w) + ((ln |w|2)λ − ln |w|2)].
Sine φλe (z, w) is psh (a loal version of) 3.15 in lemma 3.7) applied to
φ′ = ln |w|2 gives
∂2fλ(z, w)
∂w∂w¯
≥ −C |λ|
Note that the onstant C may be taken to be independent of the loal
oordinates as in the proof of 3.15 in lemma 3.7, sine the base X is
ompat. Now write
χ̂λφe = ĝ − C |λ| |w|2 + ln |w|2
with g = fλ + C |λ| |w|2 .5 By the maximum priniple ĝ in the denition
3.21 is always inreasing in v := ln |w|2 . Hene the (right) derivative of
the onvex funtion χ̂λφe with respet to v (with the variable z xed) is
positive (and almost equal to1) for λ suiently small. This proves (i).
To prove (ii) rst observe that
(3.22) cλ := χ̂λφe(y0) ≤ 1/2
4
alternatively one an, by loal approximation, redue to the ase when f˜ is smooth
and c regular. Then ddcf˜ = (f˜ /f)ddcf ≥ 0 along T 1,0(∂Ω) and hene, by homogene-
ity, f˜ is psh on Y.
5
over a neighbourhood of E we use the loal oordinates (z′, w′) so that the funtion
|w′|2 is uniformly bounded on U .
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for all λ (with suiently small norm). Indeed, by upper semi-ontinuity
lim supλ→0 χ̂
λ
φe
(y0) ≤ χ̂φe(y0) = 0. Hene, 3.22 holds (after possibly re-
plaing the upper bound t0 on |λ| with a smaller number). Next, note
that by the extremal denition of φe we have χ̂λφe ≥ χλφ+ on Y. By 3.22
and the denition of U it is hene enough to prove that χλφ+ ≥ χφ+−C |λ|
on U. But this follows from 3.15 in lemma 3.7 applied to φ′ = φ+. 
3.1.1. Proof of (a)−(c) in theorem 3.4. To prove (a) it is, by the bijetion
3.9, equivalent to prove that χe (dened by 3.11) is loally C1,1 on Y −
[j(X) ∪ π−1(B+(L)].
Proof. Step1: χe(:= χφe) is loally Lipshitz ontinuous on Y − (j(X) ∪
π−1(B+(L)).
To see this x a point y0 as above. From the denition 3.21 of (̂·) we
have an upper bound
χλφe(y0) ≤ χ̂λφe(y0) =
˜̂
χλφe(y0),
where
˜̂
χλφe is the funtion in the lass LY , extending χ̂λφe from the level
set
Mλ := {y : χ̂λφe(y) = χ̂λφe(y0)} ⊂ U
obtained from lemma 3.9. Sine, by denition, χλφe ≤ χλφ we have the
following bound on the level set Mλ :
(3.23)
˜̂
χλφe(y) ≤ sup
θ∈[0,2π]
χφ((exp(V (λ))(e
iθy) ≤ sup
θ∈[0,2π]
χφ(e
iθy) + C |λ| ,
using that χφ is smooth in the last inequality so that 3.15 in lemma 3.7
an be applied. Sine χφ is S
1−invariant 3.23 gives that
(3.24)
˜̂
χλφe − C |λ| ≤ χφ
on the level set Mλ and hene, by homogeneity, on all of Y. This shows
that the funtion
˜̂
χλφe − C |λ| is a ontender for the supremum in the
denition 3.11 of χe and hene bounded by χe. All in all we get that
χλφe(y0) ≤
˜̂
χλφe(y0) ≤ χφe(y0) + C |λ| .
The other side of the inequality 3.14 for f = χλφe is obtained after repla-
ing λ by −λ.
Step2: dχe exists and is loally Lipshitz ontinuous on Y −X.
Following the exposition in [17℄ of the approah of Bedford-Taylor it
is enough to prove the following inequality:
(3.25) (χ−λφe (y0) + χ
λ
φe(y0))/2− χφe(y0) ≤ C |λ|2 ,
where the onstant only depends on the seond derivatives of χφ. Indeed,
given this inequality (ombined with the fat that χφe is psh) a Taylor
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expansion of degree 2 gives the following bound lose to y0 for a loal
smooth approximation χǫ of χφe :∣∣D2χǫ∣∣ ≤ C
where χǫ := χφe ∗ uǫ, using a a loal regularizing kernel uǫ and where
D2χǫ denotes the real loal Hessian matrix of χφe . Letting ǫ tend to 0
then proves Step 2. Finally, to see that the inequality 3.25 holds we apply
the argument in Step 1 after replaing χλφe by the psh funtion
g(y) := (χλφe(y) + χ
−λ
φe
(y))/2
to get the following bound on the level set {y : ĝ(y) = ĝ(y0)} :
g(y) ≤ ˜̂g((y) ≤ sup
θ∈[0,2π]
(χφ((exp(V (λ))(e
iθy) + χφ(exp(V (−λ))(eiθy))/2
Next, observe that for eah xed θ the funtion χφ(e
iθy) is in the lass C2.
Hene, a Taylor expansion of degree 2 in the right hand side of formula
3.19 gives ˜̂g((y) ≤ sup
θ∈[0,2π]
((χφ(e
iθy)) + C |λ|2) = χφ(y) + C |λ|2
where the onstant C may be taken as a onstant times supU
∣∣∣〈D2χφV, V 〉η∣∣∣
in terms of some xed metri η on TY. This shows that ˜̂g−C |λ|2 is a on-
tender for the supremum in the denition 3.11 of χe and hene bounded
by χe. All in all we obtain that
g(y0) ≤ χφ(y0) + C |λ|2 ,
whih proves the inequality 3.25, nishing the proof of Step2.
(c) To see that 3.6 holds, it is enough to prove that loally
(3.26)
∂2φ
∂xi∂xj
(φe − φ) = 0
almost everywhere on D = {φe = φ}, where xi is a real oordinate on
R
2n(= Cn). To this end let ψ := φe − φ and let A := {ψ = 0, dψ 6= 0}.
By (a) above ψ is a C1−funtion and hene A is a real hypersurfae
of odimension 1 and in partiular of measure zero (w.r.t. Lesbegue
meaure). Next, let f := dψ (onsidered as a loal map on R2n) and let
B1 be the set where the derivative df (i.e the matrix (df1, ..., df2n) does
not exist. Sine, by (a) f is a Lipshitz map it is well-known that B1 also
has measure zero. Finally, let B2 be the set where f = 0, df exists, but
df 6= 0. Now using a lemma in [27℄ (page 53) applied to the Lipshitz map
f gives that B2 too has measure zero. Finally, let G := A
⋃
B1
⋃
B2.
Then G has measure zero and 3.26 holds on (X − B+(L)) − G, proving
(c). 
Remark 3.10. Suppose that L is ample and x a smooth metri φ+ on
L with positive urvature. Then ω+ := dd
cφ+ is a Kähler metri on X
and the xed metri φ on L may be written as φ = u + φ+, where u
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is a smooth funtion on X. Now the pair (ue,M) where ue := φe − φ+
and M is the set X −D, may be interpreted as a weak solution to the
following free boundary value problem of Monge-Ampere type
6
:
(ddcue + ω+)
n = 0 onM
ue = u on ∂M
due = du
The point is that, sine the equations are overdetermined, the set M is
itself part of the solution. In [25℄ the C1,1−regularity of φe in the ase
when X = C (orresponding to the setup in [32℄) was dedued from the
regularity of a free boundary value problem.
4. Bergman kernel asymptotis
Reall that H(X,E(k)) denotes the Hilbert spae obtained by equip-
ping the vetor spae H0(X,E(k)) with the norm 1.9. Let (ψi) be an
orthonormal base for H(X,E(k)). The Bergman kernel of the Hilbert
spae H(X,E(k)) is the integral kernel of the orthogonal projetion from
the spae of all smooth setions with values in E(k) onto H(X,E(k)). It
may be represented by the holomorphi setion
(4.1) Kk(x, y) =
∑
i
ψi(x)⊗ ψi(y).
of the pulled bak line bundle E(k)⊠E(k) over X ×X. The restrition
of Kk to the diagonal is a setion of E(k) ⊗ E(k) and we let Bk(x) =
|Kk(x, x)|kφ+φF (= |Kk(x, x)| e−(kφ(x)+φF )) be its point wise norm:
(4.2) Bk(x) =
∑
i
|ψi(x)|2kφ+φF .
We will refer to Bk(x) as the Bergman funtion of H(X,E(k)). It has
the following extremal property:
(4.3) Bk(x) = sup
{
|αk(x)|2kφ+φF : αk ∈ H(X,E(k)), ‖αk‖
2
kφ+φF
≤ 1
}
Moreover, integrating 4.2 shows that Bk is a dimensional density of the
spae H(X,Lk) :
(4.4)
∫
X
Bkωn = dimH(X,E(k))
The following loal Morse inequality estimatesBk point-wise from above
for a general bundle:
Lemma 4.1. (Loal Morse inequalities) On any ompat omplex man-
ifold the following upper bound holds:
k−nBk ≤ Ck1X(0) det(ddcφ),
6
sine there is a priori no ontrol on the regularity of the set M, it does not really
make sense to write ∂M and the boundary ondition should hene be interpreted in
a suitable weak sense.
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where the sequene Ck of positive numbers tends to one and X(0) is the
set where ddcφ > 0.
See [3℄ for the more general orresponding result for ∂−harmoni (0, q)-
forms with values in a high power of an Hermitian line bundle. The
present ase (i.e. q = 0) is a simple onsequene of the mean-value
property of holomorphi funtions applied to a poly-dis ∆k of radius
ln k/
√
k entered at the origin in Cn (see the proof in [4℄). In fat, the
proof gives the following stronger loal statement:
(4.5)
lim sup
k
k−n
∣∣∣fk(z/√k)∣∣∣2 e−(kφ+φF )((z/√k)/ ‖fk‖2kφ+φF ,∆k ≤ 1X(0)(0) det(ddcφ),
where fk is holomorphi funtion dened in a xed neighbourhood of the
origin in Cn.
The loal estimate in the previous lemma an be onsiderably sharp-
ened on the omplement of the globally dened set D (formula 3.3), as
shown by the following lemma:
Lemma 4.2. Let φ be a smooth metri on a holomorphi line bundle L
over a ompat manifold X.
(i) if Bk denotes the Bergman funtion of the Hilbert spae H(X,Lk),
then the following inequality holds on all of X:
(4.6) Bkk
−n ≤ Cke−k(φ−φe)
where the sequene Ck of positive numbers tends to supX det(dd
cφ).
(ii) If L is big and Bk now denotes the Bergman funtion of the Hilbert
spae H(X,E(k)), then the inequality 4.6 holds on any given ompat
subset of X − B+(L) if Ck is replaed by a large onstant C (depending
on the ompat set).
In partiular, in both ases
(4.7) lim
∫
Dc
k−nBkωn = 0
Proof. Let us rst prove (i). By the extremal property 4.3 of Bk it is
enough to prove the lemma with Bkk
−n
replaed by |αk|2kφ , loally rep-
resented by |fk| e−kφ, for any element αk in H(X,Lk) with global norm
equal to k−n. The Morse inequalities in the previous lemma give that
|fk|2 e−kφ ≤ Ck
with Ck as in the statement of the present lemma. Equivalently,
1
k
ln |fk|2 − 1
k
Ck ≤ φ
Hene, the singular metri on L determined by 1
k
ln |fk|2 − 1kCk is a an-
didate for the sup in the denition 3.1 of φe and is hene bounded by φe.
Thus,
Bkk
−n = |fk|2 e−kφ ≤ Ckekφee−kφ.
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The proof of (ii) is ompletely analogous if one takes into aount that
ln |fk|2 is now a metri on E(k) = Lk ⊗ F and uses (ii) in proposition
3.3. Finally, the vanishing 4.7 follows from the dominated onvergene
theorem (using that the sequene Bkk
−n
is, by lemma 4.1, uniformly
bounded on X), sine the right hand side in the previous inequality tends
point-wise to zero preisely on the omplement of D. 
Remark 4.3. When L is ample the supremum, in the denition of Ck, in
the previous lemma an be taken over the support of (ddcφe)
n, using a
max/omparison priniple.
The following lemma yields a lower bound on the Bergman funtion.
Lemma 4.4. Let L be a big line bundle, then the following lower bound
holds at almost any point x in D ∩X(0) :
(4.8) lim inf
k
k−nBkωn ≥ (ddcφ)n/n!
Proof. Step1: onstrution of a smooth extremal σk. Fix a point x0 in
D ∩X(0)−B+(L)−G, where G is the set of measure zero appearing in
the proof of (c) in the regularity theorem 3.4. First note that there is a
smooth setion σk with values in E(k) suh that
(4.9) (i) lim
k→∞
|σk|2kφ (x0)
kn ‖σk‖2kφ+φF
ωn = (dd
cφ)nx0, (ii)
∥∥∂σk∥∥2kφe+φF ≤ Ce−k/C
To see this take trivializations of L and F and loal holomorphi oor-
dinates zi entered at x0 (and orthonormal at x0) suh that φF (0) = 0
and
(4.10) φ(z) = (
∑n
i=1 λi |zi|2 +O(|z|3))
with λi the positive eigenvalues of (dd
cφ)x0 w.r.t the metri ω [23℄. Fix
a smooth funtion χ whih is onstant when |z| ≤ δ/2 and supported
where |z| ≤ δ; the number δ will be assumed to be suiently small later
on. Now σk is simply obtained as the loal setion with values in L
k
represented by the funtion χ lose to x0 and extended by zero to all of
X. To see that (i) holds note that, using 4.10,
lim
k→∞
|σk|2kφ (x0)
kn ‖σk‖2kφ+φF
= lim
k→∞
χ(0)
kn
∫
|z|≤k−1/2 lnk e
−kPni=1 λi|zi|2χ(0)ωn(0)
,
where ωn(0) is the Eulidian volume form in C
n
(sine zi are assumed
to be orthonormal w.r.t ω at 0). Evaluating the latter Gaussian integral
then gives the limit (1/π)nλ1λ2 · · · λn, proving (i) in 4.9. To prove (ii)
in 4.9, rst note that∥∥∂σk∥∥2kφe+φF ≤ C
∫
δ/2≤|z|≤δ
e−k(φ(z)+(φe(z)−φ(z))ωn(0),
as follows from the denition of χ. Hene, (ii) follows from the fat that
(4.11) |z| ≤ δ ⇒ φ(z) + (φe(z)− φ(z)) ≥ inf
i
λi |z| /2
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for δ suiently small, if x0 is in the set D∩X(0)−B+(L)−G. To prove
4.11 x z 6= 0 and let ψ(y) := φe(y z|z|)−φ(y z|z|), where y is a non-negative
number. By the regularity theorem 3.4 u is in the lass C1. Hene, sine
x0 is in D (where ψ = 0)
|ψ(y)| ≤
∫ y
0
∣∣∣∣dψds
∣∣∣∣ (s)ds.
Moreover, sine x0 is inD−B+(L)−G, we have dψds (0) = 0 and lims→0 dψds (s)/s =
0. In partiular, for any given positive number ǫ we have that
|ψ(y)| ≤
∫ y
0
ǫsds = ǫy2/2
for y ≤ δ, if δ is suiently small. Combining the latter estimate with
4.10 then proves 4.11 and nishes the proof of (ii) in 4.9.
Step2: perturbation of σk to a holomorphi extremal αk. Equip E(k)
with a stritly positively urved modiation ψk of the metri kφe +
φF furnished by lemma 2.5. Let gk = ∂σk and let αk be the following
holomorphi setion
αk := σk − uk,
where uk is the solution of the ∂-equation in the Hörmander-Kodaira
theorem 2.3 with gk = ∂σk. Hene,
‖uk‖ψk ≤ C ‖gk‖ψk
Next, applying 2.7 to the right hand side above (using that gk is sup-
ported on a small neighboorhood of x0 ∈ X −B+(L) and then 2.8 to the
left hand side above gives
‖uk‖kφe+φF ≤ C ‖gk‖kφe+φF
Finally, using that φe ≤ φ on all of X in the left hand side above gives
(4.12) ‖uk‖kφ+φF ≤ C ‖gk‖kφe+φF
and then (ii) in 4.9 in the right hand side gives
(a) ‖uk‖kφ+φF ≤ Ce−k/C , (b) |uk|
2
kφ+φF
(x) ≤ C ′kne−k/C′,
where (b) is a onsequene of (a) and the loal holomorphi Morse in-
equalities 4.5 applied to uk at z = 0. Combining (a) and (b) with (i)
in 4.9 then proves that (i) in 4.9 holds with σk replaed by the holo-
morphi setion αk. By the denition of Bk this nishes the proof of the
lemma. 
Remark 4.5. For any line bundle L over X and φ′ a given (singular)
metri on L with positive urvature form Bouksom showed [10℄ that
(4.13) lim inf
k
k−n dimH0(X,E(k)) ≥
∫
X
((ddcφ′)ac)n/n!,
where (ddcφ′)ac denotes the absolutely ontinious part of the the urrent
ddcφ′. Bouksom used Bonavero's strong Morse inequalities for singular
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metris with analyti singularities. However, when L is big the lower
bound 4.13 follows from a variant of the proof of the previous lemma.
To see this one rst approximates φ′ with a sequene φ′ǫ with analyti
singularities (as in [10℄) and replae φ with the metri
φ′ǫ,+ := φ
′
ǫ(1− ǫ) + ǫφ+
with stritly positive urvature form (sine φ+ is of the form 2.1) and the
Hilbert spae H(X,E(k)) with the Hilbert spae H(X,E(k), φ′ǫ,+) whose
norm is dened with respet to the norm indued by the singular metri
φ′ǫ,+.
7
A variant of the proof of the previous lemma then gives a lower
bound on the orresponding Bergman funtion with φ replaed by φ′ǫ,
for any point x in the omplement of the singularity lous of φ′ǫ. Finally,
integrating over X and then letting ǫ tend to zero gives 4.13.
Theorem 4.6. Let Bk be the Bergman funtion of the Hilbert spae
H(X,E(k)). Then
(4.14) k−nBk(x)→ 1D∩X(0) det(ddcφ)(x)
for almost any x in X, where X(0) is the set where ddcφ > 0 and D is
the set 3.3. Moreover, the following weak onvergene of measures holds:
k−nBkωn → µφ,
where µφ is the equilibrium measure.
Proof. Case1: L is big
First observe that, by the exponential deay in lemma 4.2,
lim
k→∞
k−nBk(x) = 0, x ∈ Dc
Next, the loal Morse inequalities (lemma 4.1) give the upper bound in
4.14 on k−nBk(x) for any x in D and lemma 4.4 gives, sine L is assumed
to be big, the lower bound for almost any x in D, nishing the proof of
4.14. Finally, the weak onvergene follows from 4.14 ombined with the
uniform upper bound on k−nBk(x) in lemma 4.1) (using the dominated
onvergene theorem on X).
Case2: L is pseudo-eetive, but not big
First note that the dimension of H0(X,E(k)) is of the order o(kn), i.e.
(4.15) lim
k→∞
∫
X
k−nBkωn = 0.
To see this one argues by ontradition (ompare proposition 6.6f in [19℄)
: if the dimension would be of the order kn a standard argument gives
that H0(X,E(k)⊗A−1) has a setion for k suiently large, if A is any
xed ample line bundle. But then
Lk = (A⊗ F−1)⊗ E,
7
as a vetor spae the Hilbert spae H(X,E(k), φ′ǫ,+) onsists of setions whih
have nite norm with respet to the singular metri φ′ǫ(1− ǫ) + ǫφ+.
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where E is an eetive divisor. Sine we may hoose A so that A⊗ F−1
is ample this means that L has a metri with stritly positive urvature
form (ompare formula 2.4), giving a ontradition.
Now given 4.15, Fatou's lemma fores
lim
k→∞
k−nBkωn(x) = 0
for almost all x in X. Finally, to prove the vanishing of the positive
measure 1D∩X(0) det(ddcφ)(x) a.e. on X, equip the ample line bundle A
with a metri φA with positive urvature form. Then proposition 3.3 (i)
gives that∫
Dpφ∩X(0)
(ddcpφ)n/n! ≤
∫
Dpφ+φA∩X(0)
(ddc(pφ+ φA)
n/n!.
Using (ii) in proposition 3.3 and that ddcpφ ≤ ddc(pφ+ φA) then gives
(4.16)∫
D∩X(0)
(ddcφ)n/n! ≤ p−n
∫
Dpφ+φA∩X(0)
(ddc(pφ+φA)
n/n! = p−nVol(pL+A),
where we have applied ase 1 to the big line bundle pL + A in the last
step and used the denition 4.17 below of the volume Vol(L′). Now x
ǫ > 0. By the ontinuity of the volume funtion (ompare remark 4.10)
the right hand side is bounded by
p−nVol(pL) + ǫ = ǫ.
Finally, letting p tend to innity in 4.16 gives that
∫
D∩X(0)(dd
cφ)n/n!
must vanish, sine ǫ was arbitrary.
Case3: L is not pseudo-eetive (and hene not big)
In this ase it follows diretly from the denition that φe ≡ −∞ and
hene the set D is empty. 
Remark 4.7. As shown in the proof of lemma 4.4 the set G of measure
zero where the point-wise onvergene in the previous theorem may fail,
an be expressed in terms of the derivatives (up to order two) of φe−φ.
The proof of lemma 4.4 also shows that the L1−onvergene for the
orresponding Bergman funtions for weighted polynomials obtained in
[5℄ an be improved to onvergene on the omplement of G.
The volume of a line bundle is dened by the following formula [30℄:
(4.17) Vol(L) := lim sup
k
k−n dimH0(X,Lk)
Integrating the onvergene of the Bergman kernel in 4.6 ombined with
the previous orollary gives the following version of Fujita's approxima-
tion theorem [22, 10℄:
Corollary 4.8. The volume of a big line bundle L is given by
(4.18) Vol(L) =
∫
X−B+(L)
(ddcφe)
n/n!
and Vol(L) = 0 preisely when L is not big.
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Remark 4.9. Assume that L is big. Fujita's approximation theorem (as
formulated in [30, 20℄) may be stated as
(4.19) Vol(L) = sup
A
An
where the supremum is taken over the top intersetion numbers of all
ample line bundles A ouring in a deompostion 2.3 on some modia-
tion of X. In fat, Fujita's proved the upper bound on Vol(L) and the
lower bound is onsidered to be substantially easier. The following two
analytial versions are due to Bouksom [10℄:
(4.20)
Vol(L) = sup
φ′∈L(X,L),a
∫
X−{φ′ = −∞}
(ddcφ′)n/n! = sup
φ′∈L(X,L)
∫
X
((ddcφ′)ac)n/n!
where L(X,L),a denotes the subspae of metris with analytial singu-
larities and ((ddcφ′)ac denotes the absolutely ontinious part of the the
urrent ddcφ′. The equivalene between 4.19 and the rst equality in 4.20
is simply obtained by taking a log resolution of the pair (X, {φ′ = −∞})
(ompare [10℄). The equivalene between 4.20 and orollary 4.8 is essen-
tially ontained in the proof of theorem 4.6: the lower bound on Vol(L)
follows from 4.13 and the upper bound from the fat that (ddcφe)
n
real-
izes the supremum in the last equality in 4.20 (and is approximated by
φj in L(X,L),a).
Finally, a remark onerning the ontinuity of the volume funtion.
Remark 4.10. As is well-known the volume is ontinous in the sense that
for any line bundles L and F
lim
m→∞
m−nVol(mL+ F ) = Vol(L).
The ontinuity on the (open) one of big line bundles is, for example, a
simple onsequene of the formula for Vol in orollary 4.8 (ompare [10℄).
To get ontinuity up to the boundary of the big one (for example that
the limit is zero when L is non-big and pseudo-eetive and F is ample)
one an replae lemma 4.4 with the bound 4.13 (as in [10℄). For a more
diret algebro-geometri argument see [30℄ (I prop. 2.2.35).
4.1. The Bergman metri. The Hilbert spae H(X,E(k) indues a
metri on the line bundle L whih may be expressed as
φk(x) := k
−1
lnKk(x, x)− k−1φF (x)
When E(k) = Lk and φF = 0 this metri is in the lass L(X,L) and
is often referred to as the kth Bergman metri on L. If L is an ample
line bundle, then this is the smooth metri on L obtained as the pull-
bak of the Fubini-Study metri on the hyperplane line bundle O(1) over
PN(= PH(X,Lk)) (ompare example 5.1 in setion 5) under the Kodaira
map
X → PH(X,Lk), y 7→ (Ψ1(x) : Ψ2(x)... : ΨN (x)) ,
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for k suiently large, where (Ψi) is an orthonormal base for H(X,Lk)
[23℄. Note that the metri φk on L is singular preisely on the base lous
Bs(|E(k)|) and its urvature urrent is almost positive when k is large.
The (almost positive) measures
1X−Bs(|E(k)|)(dd
c(k−1lnKk(x, x)))
n/n!
on X will be referred to as the k th Bergman volume forms.
Now we an prove the following theorem:
Theorem 4.11. Let Kk be the Bergman kernel of the Hilbert spae
H(X,E(k). Then the following onvergene holds:
(4.21) k−1φk → φe
uniformly on any xed ompat subset Ω of X − B+(L). More preisely,
e−k(φ−φe)C−1Ω ≤ Bk ≤ CΩkne−k(φ−φe)
Moreover, the orresponding k th Bergman volume forms onverge to the
equilibrium measure:
(4.22) 1X−Bs(|E(k)|)(dd
c(k−1lnKk(x, x)))
n/n!→ µφ
weakly as measures on X.
Proof. In the following proof it will be onvenient to let C denote a
suiently large onstant (whih may hene vary from line to line). First
observe that when (F, φF ) is trivial taking the logarithm of the inequality
4.6 in lemma 4.2 immediately gives the upper bound
k−1lnKk(x, x) ≤ φe(x) + C ln k/k
and the general ase is ompletely analogous.
To get a lower bound, x a point x0 in X − B+(L). By the extremal
property 4.3 it is enough to nd a setion αk in H(X,E(k) suh that
(4.23) |αk(x0)|kφe+φF , ≥ 1/C ‖αk‖X,kφ+φF ≤ C.
To this end take a stritly positively urved modiation ψk of the
metri kφe + φF furnished by lemma 2.5. Then the extension theorem
2.4 gives a setion αk in H(X,E(k) suh that
|αk(x0)|ψk ≥ 1/C, ‖αk‖X,ψk ≤ C,
Applying 2.7 to the rst inequality above and then 2.8 to the seond one
proves 4.23 (also using that by denition φe ≤ φ).
To prove 4.22 rst observe that the weak Monge-Ampere onvergene
4.22 on the open set X − B+(L) follows from the uniform onvergene
4.21 (see [24℄). Finally, by general integration theory it is (by theorem
3.4 (d) enough to prove
lim
k→∞
∫
X−Bs(|E(k)|)
(ddc(k−1lnKk(x, x)))n/n! =
∫
X−B+(L)
(ddcφe)
nn/!
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To this end rst note that the weak Monge-Ampere onvergene on X −
B+(L) implies
lim inf
k
∫
X−Bs(|E(k)|)
(ddc(k−1lnKk(x, x)))n/n! ≥
∫
X−B+(L)
(ddcφe)
nn/!
Next, applying formula 4.20 to φ′ = lnKk(x, x) shows that the left hand
side (but with lim sup instead) is bounded by Vol(L) (ompare remark
4.9). By orollary 4.18 this proves 4.22 and nishes the proof of the
theorem. 
For any line bundle L over X the intersetion of the zero-sets of n
generi setions in H0(X,Lk) with X − Bs(|kL|) is a nite number of
points (as follows form Bertini's theorem [23℄). The number of points
is alled the moving intersetion number and is denoted by (kL)[n]. The
following orollary was obtained in [20℄ from Fujita's theorem (see [30℄
for further referenes).
Corollary 4.12. If L is a big line bundle then
Vol(L) = lim
k→∞
(kL)[n]
kn
Proof. The proof follows immediately from (ii) in theorem 4.11 and the
following fat:
n!(kL)[n] =
∫
X−Bk
(ddc(lnKk(x, x)))
n.
The formulamy be dedued by taking a log resolution of the pair (X,Bk(L))
(ompare [10℄). But it also follows from properties of random zeroes,
one one aepts that
n!(kL)[n] =
∫
X−Bk
Zf1 ∧ ... ∧ Zfn,
where Zf1 denotes the integration urrent determined by the zero-set of
fi, is independent of a generi tuple (f1, ...fn) in (H
0(X,Lk)n. Indeed,
by proposition 2.2 in [36℄ the right hand side may be written as∫
X−Bk
E(Zf1 ∧ ... ∧ Zfn),
where E(Zf1∧...∧Zfn) denotes the expetation value (taking values in the
spae of measures)
8
of the intersetion of the zero urrents of n random
independent setions inH(X,Lk). Changing the order of integration gives∫
X−Bk
E(Zf1 ∧ ...) = E
∫
X−Bk
(Zf1 ∧ ...) = n!E(kL)[n] = n!(kL)[n]

8
E(.) denotes integration with respet to the Gaussian probability measure on the
produt (H(X,Lk)n of Hilbert spaes.
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4.2. The full Bergman kernel. Combining the onvergene in theorem
4.6 with the loal inequalities 4.5, gives the following onvergene for
the point-wise norm of the full Bergman kernel Kk(x, y). The proof is
ompletely analogous to the proof of theorem 2.4 in part 1 of [4℄.
Theorem 4.13. Let L be a line bundle and let Kk be the Bergman kernel
of the Hilbert spae H(X,E(k)). Then
k−n |Kk(x, y)|2kφ ωn(x) ∧ ωn(y)→ ∆ ∧ µφ ,
as measures on X × X, in the weak *-topology, where ∆ is the urrent
of integration along the diagonal in X ×X.
Finally, we will show that around any interior point of the set D ∩
X(0) − B+(L) the Bergman kernel Kk(x, y) admits a omplete loal
asymptoti expansion in powers of k, suh that the oeients of the
orresponding symbol expansion oinide with the Tian-Zeldith-Catlin
expansion (onerning the ase when the urvature form of φ is positive
on all of X ; see [8℄ and the referenes therein for the preise meaning of
the asymptoti expansion). We will use the notation φ(x, y) for a xed
almost holomorphi-anti-holomorphi extension of a loal representation
of the metri φ from the diagonal∆ in Cn×Cn, i.e. an extension suh that
the anti-holomorphi derivatives in x and the holomorphi derivatives in
y vanish to innite order along ∆.
Theorem 4.14. Let L be a line bundle and let Kk be the Bergman kernel
of the Hilbert spae H(X,Lk). Any interior point in D∩X(0)−B+(L) has
a neighbourhood where Kk(x, y)e
−kφ(x)/2e−kφ(y)/2 admits an asymptoti
expansion as
(4.24) kn(det(ddcφ)(x) + b1(x, y)k
−1 + b2(x, y)k−2 + ...)ekφ(x,y),
where bi are global well-dened funtions expressed as polynomials in the
ovariant derivatives of ddcφ (and of the urvature of the metri ω) whih
an be obtained by the reursion given in [8℄.
Proof. The proof is obtained by adapting the onstrution in [8℄, onern-
ing globally positive Hermitian line bundles, to the present situation. The
approah in [8℄ is to rst onstrut a loal asymptoti Bergman kernel
with the asymptoti expansion 4.24 lose to any point where φ is smooth
and ddcφ > 0. Hene, the loal onstrution applies to the interiour of
the set D∩X(0)−B+(L) as well. Then the loal kernel is shown to dier
from the true kernel by a term of order O(k−∞), by solving a ∂-equation
with a good L2−estimate. This is possible sine ddcφ > 1/C globally in
that ase. In the present situation we are done if we an solve
(4.25) ∂uk = gk,
where gk is a ∂−losed (0, 1)−form with values in Lk, supported on the
interior of the bounded set D ∩X(0)− B+(L) with an estimate
(4.26) ‖uk‖kφ+φF ≤ C ‖gk‖kφ+φF
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To this end note that proeeding preisely as in step 2 in the proof of
lemma 4.4, gives aording to formula 4.12 a solution uk satisfying 4.26,
but with φ replaed with φe in the norm of gk. However, sine φe = φ
on the set where gk is assumed to be supported this does prove 4.26 and
hene nishes the proof of the theorem. 
5. Examples
Finally, we illustrate some of the previous results with the following
examples, whih an be seen as variants of the setting onsidered in [5℄.
Example 5.1. Let X be the n−dimensional projetive spae Pn and
let L be the hyperplane line bundle O(1). Then H0(X,Lk) is the spae
of homogeneous polynomials in of degree k in the n + 1 homogeneous
oordinates Z0, Z1, ..Zn. The Fubini-Study metri φFS on O(1) may be
suggestively written as φFS(Z) = ln(|Z|2) and the Fubini-Study metri
ωFS on P
n
is the normalized urvature form ddcφFS. Hene the indued
norm on H0(X,Lk) is invariant under the standard ation of SU(n + 1)
on Pn. We may identify Cn with the ane piee Pn − H∞ where H∞
is the hyperplane at innity in C
n
(dened as the set where Z0 = 0).
In terms of the standard trivialization of O(1) over Cn (obtained by
setting Z0 = 1) the spae H
0(Y, Lk) may be identied with the spae of
polynomials fk(ζ) in C
n
ζ of total degree at most k and the metri φFS on
O(1) may be represented by the funtion
φFS(ζ) = ln(1 + |ζ |2).
Moreover, any smooth metri on O(1) may be represented by a funtion
φ(ζ) satisfying the following neessary growth ondition9
(5.1) − C + ln(1 + |ζ |2) ≤ φ(ζ) ≤ ln(1 + |ζ |2) + C,
whih makes sure that the norm 1.9, expressed as
‖fk‖2kφ :=
∫
Cn
|fk(ζ)|2 e−kφ(ζ)ωnFS/n!
is nite when fk orresponds to a setion of the k th power of O(m),
for m = 1. In partiular, any smooth ompatly supported funtion χ(ζ)
determines a smooth perturbation
(5.2) φχ(ζ) := φFS(ζ) + χ(ζ)
of φFS on O(1) over Pn, to whih the results in setion 3 and 4 apply.
The next lass of example is oered by tori varieties.
Example 5.2. Let∆ be a Delzant polytope in Rn obtained as the onvex
hull of points in Zn (see [1℄) It indues a triple (X ∆, L ∆, φ∆), where X ∆,
is an n−dimensional omplex ompat projetive manifold on whih the
omplex torus C∗n ats eetively with an open dense orbit and (L ∆, φ∆)
9
in order that φ extend over the hyperplane at innity to a smooth metri further
onditions are needed.
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is an Hermitian positive line bundle, invariant under the ation of T n
(the real torus in C∗n). The urvature form ddcφ denes a T n−invariant
Kähler metri on X∆. Identifying C
∗n
z with an open dense set in X ∆,
the spae H0(X ∆, L
k
∆) may be identied with the spae spanned by all
monomials zα with α a multi-index in the saled polytope k∆ and the
metri φ∆ may be identied with a plurisubharmoni funtion on C
∗n
z :
φ∆(z) = ln(
∑
α∈∆∩Zn
|zα|2).
Writing vi := ln(|zi|2) identies φ∆(z) with a onvex funtion on Rn
that we, by a slight abusive of notation, denote by φ∆(v). Now any real
smooth ompatly supported funtion χ(v) on Rn indues a perturbation
φ := φ∆+χ, yielding a new smooth T
n−invariant metri φ on L∆. In this
notation the almost everywhere onvergene of the Bergman funtion Bk
(theorem 4.6) may be written as∑
p∈∆∩( 1
k
Z)n
ek(〈p,v〉−φ(v))∫
v∈Rn e
k(〈p,v〉−φ(v)) det(∂
2φ∆
∂2v
)dv
→ 1D(v)
(
2
π
)n det(∂2φ
∂2v
)(v)
det(∂
2φ∆
∂2v
)(v)
where 〈p, v〉 and dv denote the Eulidian salar produt and volume form,
respetively.
Note that in the logarithmi oordinates vi we have that (
∂2φ
∂zi∂z¯j
) =
( ∂
2φ
∂vi∂vj
)/4. Hene, it follows (more or less from the denition) that the
graph of the equilibrium metri φe determined by φ is simply the onvex
hull of the graph of φ onsidered as a funtion of v. In partiular, in the
generi tori ase φe will not be in the lass C2. Indeed, onsider for
example the ase when n = 1, so that X∆ = P
1, and take φ(v) to be
an even funtion with two non-degenerate minima at ±a (gure 1.1 in
setion 1). Then
∂2φ
∂2v
(a) > 0, but ∂
2φe
∂2v
(a − ǫ) = 0 if 0 < ǫ < 2a. Note
that if we deforme φ in suh a way that φe is unhanged (gure 5.1),
then the leading Bergman kernel asymptotis for the Bergman funtion
Bk given by theorem 4.6 are also unhanged. However, the exponential
deay of Bk in the omplement of the set D does hange. For example,
by theorem 4.11:
lim
k→∞
inf
X
(Bk)
1/k = e− supX(φe−φ),
i.e. minus the exponential of the limit equals the supremum of the dis-
tane between points on the graph of φ and points on the graph of φe. In
[24℄ the limit in the left hand side above is alled the Thebishev onstant
and the right hand side the Alexander apaity (assoiated to the tripple
(X,L, φ)).
The following basi example of a big (non-ample) line bundle shows
that φe may be singular on all of B+(L) :
Example 5.3. LetX be the blow-up of P2 and denote by π the projetion
(blow-down map) from X to P2. Let L = π∗O(1) ⊗ [E], where E is the
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ϕ
ϕ
e
a-a
D
Figure 5.1. The piture represents the graph of a metri
φ on O(2) over P1, in logarithmi radial oordinates, whih
is a ompat perturbation (φ = φ∆+χ) of the Fubini-Study
metri φ∆(v)(= ln(e
−v + ev) + C). Deforming φ without
hanging the onvex hull φe does not hange the leading
Bergman funtion asymptotis.
exeptional divisor. Sine,
∫
E
c1(L) < 0 any element of L(X,L) is identially
equal to −∞ on E.Moreover, as is well-known E = B+(L). In partiular,
φe ≡ −∞ on B+(L).
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